Inspired by the newly discovered isomeric states in the rare-earth neutron-rich nuclei, high-K isomeric states in neutron-rich samarium and gadolinium isotopes are investigated within the framework of the cranked shell model (CSM) with pairing correlation treated by a particle-numberconserving (PNC) method. The experimental multi-particle state energies and moments of inertia are reproduced quite well by the PNC-CSM calculations. A remarkable effect from the high-order deformation ε6 is demonstrated. Based on the occupation probabilities, the configurations are assigned to the observed high-K isomeric states. The lower 5 − isomeric state in 158 Sm is preferred as the two-proton state with configuration π 
I. INTRODUCTION
where σ 1 , σ 2 are the two blocked single-particle states. Note that for two given blocked levels, different occupation of (σ 1σ2 ), (σ 1 σ 2 ) and (σ 1σ2 ) are considered as well. This leads to four sequences, i.e. K = |Ω σ1 ± Ω σ2 | combined with α = 0, 1. The parity of these configurations is π = (−) Nσ 1 +Nσ 2 . The configurations of higher-seniority ν > 2 states are similarly constructed, and the diagonalisation remains the same.
As a matter of fact, when ω = 0, ν and K are not exactly good quantum numbers due to the Coriolis interaction. Some forms of K-mixing exist to enable the K-forbidden transition observed in an axially symmetric nucleus with many low-lying rotational bands. Nevertheless, at the low-ω region, ν and K may still be served as useful quantum numbers characterizing a low-lying excited rotational band.
III. RESULTS AND DISCUSSIONS
A. Nilsson single-particle levels
The single-particle levels are particular important to the low-lying multi-particle states. In the present calculations, Nilsson states are calculated within the valence single-particle space of proton N = 0 ∼ 5 and neutron N = 0 ∼ 6 major shells. The Nilsson parameters (κ, µ) are taken from the Lund systematics [49] . The deformation parameters ε 2 , ε 4 and ε 6 are taken from the table of Möller et al. in 1995 [50] for all the nuclei studied here except for the value of ε 6 for 164 Sm, which is adopted from the new table of Möller et al. in 2016 [51] . The high-order axial deformation ε 6 is included due to its important effect on the deformed shell gaps at Z = 60, 62 and N = 98, 102, and the further influences on the multi-particle excitation energy and the moment of inertia in the rare-earth neutron-rich region. The Nilsson levels with non-zero ε 6 at rotational frequency ω = 0 are compared with the results of ε 6 = 0 (keep ε 2 and ε 4 the same) for 160 Sm in Fig. 1. The single-particle level structures of other nuclei studied in the present work are similar. Therefore they are not shown here. For proton, compared to the ε 6 = 0 case, including of nonzero ε 6 leads to a less pronounced energy gap at Z = 60. A new energy gap at Z = 62 arises while the one at Z = 66 disappears. Based on these effects, the low-lying multi-proton state energies would be increased for samarium isotopes. For neutron, by including the nonzero ε 6 , the energy gap at N = 98 is depressed and the one at N = 102 appears.
Potential energy surface calculations demonstrate that the ε 6 effect on the multi-particle state is important. It leads to 50 − 250 keV variations compared to ε 6 = 0 calculations in 160, 164 Sm and 166 Gd [8, 11] . Nevertheless, highorder deformation influences are still very intricate, especially for neutrons in the neutron-rich region, in which the knowledge of single-particle level structure is very limited. Moreover, the value of ε 6 is strongly model dependent. Therefore, more deep and comprehensive investigations of the ε 6 deformation effect on the single-particle levels in this region are urgent, which is beyond present work.
FIG. 1. Cranked Nilsson levels near the Fermi surface of
160 Sm for proton (left) and neutron (right) with signature α = +1/2 (solid) and α = −1/2 (dashed).
B. Pairing parameters
The effective pairing strengths G 0 and G 2 can be determined by the odd-even differences in nuclear binding energies in principle. For the rare-earth neutron-rich nuclei, due to lack of experimental data, their values are fitted by moment of inertia. The effective pairing strengths are connected with the dimensions of the truncated CMPC space. In the present calculations, the CMPC spaces for all the nuclei involved are constructed in the proton N = 3, 4, 5 and neutron N = 4, 5, 6 shells. The dimensions of the CMPC space are about 700 for both of proton and neutron. The corresponding effective pairing strengths are G 0p = 0.20MeV, G 2p = 0.02MeV and G 0n = 0.23MeV, G 2n = 0.02MeV for proton and neutron, respectively. The stability of the PNC-CSM calculation against the variation of the dimensions of the CMPC space has been investigated in Refs. [20, 26, 38] . For the yrast and low-lying excited states, the number of important CMPC (weight > 10 −2 ) is very limited (< 20) . In the present calculations, almost all of CMPC with weight > 10 −3 are taken into account.
C. Band head
The low-lying multi-particle states of samarium and gadolinium isotopes predicted by the PNC-CSM method are listed in Table I and II, respectively. Among these, comparison with the available experimental data are displayed in Fig. 2 and 3 , respectively. The experimental data are taken from Refs. [4, 8, 9, 11, 12, 52, 53] . The results with ε 6 = 0 are displayed to examine the high-order deformation effect. In general, compared to the ε 6 = 0 calculations, the non-zero ε 6 results reproduce the experimental multi-particle state energies better, except for the 1. [51] . When ε 6 = 0.04 is adopted, a lower/better state energy of 1.773 MeV can be obtained in the PNC-CSM calculation. Potential energy surface calculation suggests an even smaller value of β 6 = −0.02. By using this value, 1.301 MeV state energy is obtained by the potential energy surface calculations. The significant ε 6 influence on the 6 − isomer in 164 Sm originates from the ε 6 effects on the single-particle levels in Fig. 1 . By including the non-zero ε 6 , the energy space between the ν states are mainly gained from the enlarged Z = 62 energy gap of the single proton Nilsson levels with non-zero ε 6 (see Fig. 1 ). Here is an evidence that the proton Z = 62 energy gap seems necessary to reproduce well the experimental multi-particle states. [11] . The present PNC-CSM calculation gives a too low energy at 0.839 MeV. It can be seen in Fig. 3 that, compared with the result of zero ε 6 calculation (0.923 MeV), result with non-zero ε 6 agrees even worse with the experimental data. The underestimation of the 4 + state energy by the PNC-CSM calculation indicates that the π 
D. Occupation probability
The configuration of each multi-particle state is explicitly determined through the occupation probability n µ of each cranked Nilsson orbital µ. Once the wave function (Eq. 8) is obtained, the occupation probability of an orbital µ can be calculated as,
where P iµ = 1 if |µ is occupied and P iµ = 0 otherwise. The total particle number N = µ n µ . The rotational frequency ω-dependence of occupation probabilities n µ can also give more detailed informations of rotational properties, like band-crossing, configuration mixing and so on.
In Fig. 4 it shows the occupation probabilities n µ versus frequency ω of each cranked Nilsson orbital µ near the Fermi surface of samarium and gadolinium isotopes, where µ includes both of α = ± 1 2 . |µ is blocked at n µ ≈ 1 while it is fully occupied and empty at n µ ≈ 2 and n µ ≈ 0, respectively. We have checked that n µ for ground state bands (GSB) displays no band-crossing, and the configuration assignment is not necessary for GSB in the even-even nuclei. Therefore only the n µ of the experimental observed two-particle states are presented. It is seen that the configurations for these two-particle states are quite pure, especially at the low frequency region, except for the two-neutron K π = 5 − band in 158 Sm. For the two-neutron 5 − band in 158 Sm, the blocked neutron orbitals are ν 
E. Moment of inertia
The angular momentum alignment J x of the state |ψ is given by
The kinematic moment of inertia is J (1) = ψ| J x |ψ /ω. In Fig. 5 it shows the comparison of the calculated kinematic moments of inertia and the available experimental data [8, 9, 11, 12, 52 , 53] for samarium and gadolinium isotopes. The experimental data are reproduced well by the theoretical results. According to the PNC-CSM calculations, only [521] orbital. There is no signature splitting occurring for other bands. Thus, unless it is labelled explicitly, only the calculated favored (α=0) signature bands are presented in Fig. 5 . As it is shown by the occupation probability in Fig. 4 , there is no band-crossing involved in these multi-particle state bands, neither is in the GSB. Therefore all the moments of inertia display a gradual and smooth variation with frequency ω. [4, 9] , deformed HartreeFock [5] , projected shell model [55] and present PNC-CSM calculations. In Ref. [9] , a 146 keV γ ray is visible, which is tentatively placed as a transition from a 5 − state to the isomeric 4 − state. According to this assignment, moment of inertia is extracted as the solid square shown in Fig. 5 , which is even lower than the ground state band and the PNC-CSM calculation can not reproduce it well. Normally, due to the Coriolis effect and the pairing reduction, moment of inertia of the multi-particle state should be larger than the ground state. The moment of inertia is reextracted by assuming that the 146 keV γ ray is the transition from a 6 − state to the isomeric 4 − state, which is shown by the hollow square in Fig. 5 . Then the theoretical calculation gives better agreement of the experimental data. Therefore, the present calculation prefers the 146 keV γ ray to be the transition from a 6 − state.
F. Electromagnetic property
The electromagnetic transition is useful to test the nuclear wave function and to deduce the nuclear collectivity informations. With eigenstate |ψ of the cranked shell model Hamiltonian is obtained, the electronic quadrupole transition probabilities B(E2) can be derived in the semiclassical approximation as, where Q p 20 corresponds to the laboratory quadrupole moments of protons,
Since the valence single-particle space is constructed in the major shells from N = 0 to N = 5 (N=6) for proton (neutron), there is no effective charge involved. B(E2) value in Eq. 14 is extremely sensitive to the quadruple deformation parameters which can not be obtained self-consistently in the PNC-CSM method. To avoid the effect from the parameters, ε 2 = 0.275 is used to calculate the B(E2) values for all the nuclei considered in this section. Therefore, the systematic behavior of the B(E2) values along an isotone or isotopic chain is a pure microscopic effect of the nuclear many-body wave functions.
In Fig. 6 , it demonstrates the B(E2, ω = 0) value (in e 2 b 2 ) systematics of the GSB and two-particle states for samarium and gadolinium isotopes by the PNC-CSM method. An gradual rise trend from N = 96 to 102 can be seen for all the states. The fermion dynamic symmetry model (FDSM) predicted that B(E2) values will become saturated and start to bend down at N > 100 due to the dynamical Pauli effect [56] . However, according to the present PNC-CSM calculations, except for the 5 − {π
[523]} state, no obvious bending down is exhibited at neutron number N = 100. We note that the systematic calculations of the finite-range droplet model (FRDM) predicted a maximum quadruple deformation with ε 2 = 0.275 at neutron number N = 99 ∼ 103 for both of samarium and gadolinium neutron rich isotopes [50] . Accordingly, if the quadruple deformation parameters of Möller et al. [50] are used, it would lead to a clearly down-bending of B(E2) at neutron number N = 100 for all the states of samarium and gadolinium isotopes.
In Fig. 7 , it shows the B(E2, ω = 0) value (in e 2 b 2 ) systematics of the GSB along the N = 96, 98, 100, 102 isotone chains for neodymium, samarium, gadolinium and dysprosium by the PNC-CSM method. All the four isotone chains display the similar trend as proton number vary from Z = 60 to 66. The B(E2) values increase sharply from neodymium to samarium since more valence nucleon participate in the collective behavior. It starts to saturate at Z ≥ 62 and a much gentle rise of B(E2) is displayed from samarium to dysprosium. As the experimental moments of inertia for neodymium (not shown in the present paper) are higher than for samarium, the neodymium isotopes may have reduced pairing due to the energy gap at Z = 60. Pairing of the ground state and low-lying multi-particle state bands in this mass region would be interesting for future study.
The B(E2) values as the function of rotation frequency ω of the GSB of neodymium, samarium, gadolinium and dysprosium isotopes are displayed in Fig. 8 . A common feature can be seen that the ω-dependent B(E2) keeps almost constant at the low frequency, which reflects that the studied nuclei have the stable rotor character with large collectivity. As the frequency increasing, the B(E2) values start bend down around ω > 0.20 MeV because of the anti-pairing Coriolis effect and the gradually increased alignment of the paired particles. From the left panel of Fig. 8 , a slight bend down of B(E2) at N = 100 can be detected for neodymium, gadolinium and dysprosium isotopes, and it becomes comparatively clear as frequency increasing, especially for the neodymium isotopes.
IV. SUMMARY
The high-K isomeric states in neutron-rich even-even nuclei 158−164 Sm and 160−166 Gd have been studied by using the cranked shell model with the pairing treated by the particle-number conserving method. The experimental data including band head energies and moments of inertia are reproduced quite well by theoretical calculations. In most cases, the PNC-CSM calculations confirm the configuration assignments in the earlier works except for the 1.279 MeV 5 − isomeric state in 158 Sm, to which, both the state energy and the moment of inertia prefer the assignment of the two-proton π 162 Sm is more likely to be the decay from a 6 − state to the 1.7µs 4 − isomeric state. The high-order deformation ε 6 effect is nontrivial. It leads to the energy gaps at proton Z = 62, 68 and neutron N = 102, and makes ones at proton Z = 60 and neutron N = 98 less pronouced. Accordingly, 20 − 450 keV and 80 − 350 keV variations in the multi-particle state energies are obtained compared to the ε 6 = 0 calculations for neutron and proton, respectively. In general, calculations with non-zero ε 6 result in a better reproduction of the experimental data.
Possible low-lying two-particle states in samarium and gadolinium isotopes are predicted, especially for some systematic occurring states. These are the two-proton 5 − {π The systematics of the electronic quadrupole transition probabilities B(E2) values along the neodymium, samarium, gadolinium and dysprosium isotopes and N = 96, 98, 100, 102 isotones chains is investigated by the semiclassical approximation with the microscopic wave function being obtained by the PNC-CSM method. A gradual increase of the B(E2) values from N = 96 to 102 can be seen for all the states in samarium and gadolinium isotopes. The predicted saturation of the B(E2) values at N = 100 is not clearly displayed in the present PNC-CSM calculations. The systematic behavior of the B(E2) values from neodymium to dysprosium (Z = 96 − 102) shows that it saturates at Z = 62 and a bend down appears at samarium isotopes.
